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Introduction. Let A be a simple associative ring with an involution defined
on it; that is, a mapping of 4 onto 4, defined by a—a*, with the following
properties:

@A) (@®)*=a; (i) (a+b)*=a*+b*; (iii) (ab)*=b*a*.

Recently I. N. Herstein [4] has investigated S={xEA4|x*=x} and
K={kCA|k*=—F}, the sets of symmetric and skew symmetric elements
respectively.

The set K has the property that if 2 and / are in K, then kl—Ik is again
in K. Thus, K is a Lie subring of 4 under the Lie multiplication [x, y]
=xy—yx defined for all x, y&EA4. An additive subgroup U of K is said to be a
Lie ideal of K if, in addition, uk—ku& U for all uE U and ECSK.

Of particular interest is the Lie ideal [K, K], the additive subgroup gener-
ated by all elements of form kl—Ik, k and ! in K. Herstein [4, Theorem 26]
has shown the Lie structure of K to be as follows:

THEOREM 1. Let A be a simple ring of characteristic #2, with an involution
and suppose that either Z=(0), or that A is more than 16-dimensional over Z,
its center; if K is the set of skew elements of A then every Lie ideal, U, of K must
satisfy

(1) either UCZ or (2) UDIK, K].

In this paper we investigate the Lie structure of [K, K]. The main result
states that if 4 is as above, then [K, K] modulo its intersection with Z is a
simple Lie ring.

To prove this result we shall make use of the following lemmas:

LEMMA 1. Let A be a simple ring of characteristic not 2. Suppose that tC A
is such that t(ta —at) = (ta —at)t for all aE A, then tEZ.

The proof of this lemma is given in Herstein [4, p. 641].

LEMMA 2. Let A be a simple ring, and
1) if 220ESNZ, then 2K =K,
(i) if 220EKNZ, then zK =S.

Presented to the Society April 21, 1956; received by the editors August 16, 1956.

(*) The results of this paper comprise the final portion of a thesis, which was presented to
the Faculty of the Graduate School of the University of Pennsylvania in partial fulfillment of
the requirements for the degree of Doctor of Philosophy.

(3 The author wishes to take this opportunity to thank Professor I. N. Herstein who sug-
gested this problem. His valuable assistance and kind encouragement are greatly appreciated.

63



64 W. E. BAXTER [January

The proof of this lemma is a trivial consequence of (z*)~!1=(z71)*.

In order to simplify the stating of theorems, from this point on we shall
assume that A is a simple associative ring, of characteristic 2, whose center
Z =(0), or whose dimension over Z is greater than 16, unless otherwise indicated.

DEFINITION. By U= U~ we mean the subring generated by the elements
of U.

It has been proven that if 4 is as above then K=35=4, cf. [4, Theorems
9 and 15]. Using this we are able to prove the following lemma.

Lemma 3. [K, K](0).

Proof. Assume that [K, K]=(0). Fix k€K. Then kl—Ik =0 for all IEK.
Hence, kI’ =1I'k for all '’ €K. However, K=A. Thus, k€ Z. Since this is true
for all k€K, then KCZ. Now on the one hand if K =(0) then A =S and since
[S, S]JCK=(0) we have that 4 is commutative, a contradiction. On the
other hand, ii K (0) then let As=#0&EKMNZ. Then AS=K and since Z is a
field, \=! exists and therefore A=!(AS) =SCZ. Hence, since 4 =S+K then
A CZ, a contradiction.

DerinITION. The Lie product of A effected by an element a €4 will be
denoted by D,(x); that is, D,(x) =ax—xa. We further define for all =1,
D (x) =Do(DI "(x)) and D (x) =Da(x).

LeMMA 4. Let B be any additive subgroup of A such that B=A and let U
be any Lie ideal of B, then

Q) [B, T|CT and

(ii) f there exists w' €U such that Au' CU, then either u' =0 or U=A.

Proof. (i) Let bEB, us, - - -, uaE U, then Dy(uy = - - tn) = D i thy * - Uiy
-Dy(u:)thip1 - - - 4, and for each 7, Dy(u;) € U. Hence, Dy(uy - * - u,) EU; that
is, [B, U] CT for all n. So, [B, U]CT.

(ii) Suppose there exists #'€ U such that au’ €T for all aEA. Let bEB,
then D,(au’) €T by the above. That is, b(au’) — (au’)bE T and since bauw’ ET
by hypothesis then au’d € U. Suppose for any n — 1 elements of B,
aw'by - - - by & U, and let b,EB. Then b,(au’dy « - - bnoy) — (au’by - - - by1)bs
& TU. However, since by assumption b,au'd; - - - b, 1€ U then au'd;, - - - b,
€T; that is, Aw’ BCTU. Thus, since B=4 we have Au’A CTU. But, since 4
is simple, then either Au’4 =(0) in which case #'=0, or Au’'A =4 in which
case A=T.

THEOREM 2. Let U be a Lie tdeal of K ; then either
(i) T=A4 or (i) u% = vu? for all u, v& U.

Proof. If s€S, u&€ U, then

(D) u?s—su?=wu(us+su) — (us+su)u& U since us+su&K.

If k€K, u& U then

(1) uk—ku?=u(uk—ku)+(uk—ku)u U since uk—kuEU. Since A
=S+K, then combining (I) and (II) we have for all aEA4
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ule — au? € T.

If wET, then (aw)u?—u?(aw) =a(wu?—u’w) + (au?—u’a)w. The left side is
in U and (au?—u%a)w is also in U since au®—u%a and w are in U; thus, for
alla€4,wETU, and uE€ U, a(wu®—uw)ET. That is,

A(wu? — ww) CTU.

By Lemma 4(ii), since K=A4, either U=4 or wu?—u’w=0. In particular,
choosing w€ U we have either A =T or u%=vu? for all , vE U.

The subring [K, K]. We are now in a position to investigate the subring
[K, K]. In the proof of the theorems concerning the Lie ideals of K, one of
the main results used is that K =4. Thus, one sees the necessity of proving a
similar result for [K, K]~ if one is to investigate the Lie simplicity of [K, K].

In order to show that [K, K|-=4, it is necessary to consider two distinct
cases; namely:

(i) N*=MX, for all A\&EZ; in which case the involution is said to be of the
first kind.

(i1) N*= —\, for some A\*#0EZ; in which case the involution is said to
be of the second kind.

In the case of involution of the second kind, we make use of the following
theorem which was proven by Herstein [4]. We give here a new proof.

THEOREM 3. If A has an involution of the second kind and if U is a Lie
ideal of K such that u*€Z for all uS U, then UCZ.

Proof. Since 4 has an involution of the second kind, then 4 is of dimension
greater than 16 over Z#0, and by Lemma 2(ii), 4 = K +¢K where ¢&Z and
g*=—gq. Consider [ZU, A]=[2U, K+¢K|=[2ZU, K]+[2ZU, ¢K]CZU.
Therefore, ZU is a Lie ideal of 4. Thus, by Herstein [2], either ZUCZ or
ZUD [A, A]. If on the one hand ZUCZ, then UCZ. If on the other hand
ZUDI[A, A], then since u?EZ for all uE U, it follows that a?€Z for all
aE[A4, A]. This means that 4 satisfies a polynomial identity (cf. I. Kap-
lansky [5]) and, being simple, it must be finite dimensional over Z. For this
particular identity it is known that A is at most 4-dimensional over Z
(Kaplansky [5]). This is a contradiction since 4 is more than 16-dimensional
over Z.

THEOREM 4. The subring [K, K |-, generated by [K, K], is A.

Proof. In Theorem 2 we have shown that either [K, K]-=4 or u% =yvu?
for all », vE[K, K]. The claim is that when %% =wu? for all , vE [K, K] then
[K, K]=(0), which by Lemma 3 is a contradiction.

Let u€[K, K|, k€K. Then, since uk—kuE [K, K|, we have u?(uk —ku)
=(uk—ku)u?. Therefore, u?[u%k—ku?]=[uk—ku?lu®. Let s&S. Then
uls—su?€[K, K| and so u?[u% —su?] = [u%s—su?]u?. Since 4 =S+K, then
u?[u’a—au?] = [ua—au]u? for all a€A. Hence, by Lemma 1, #*€Z for all
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u€[K, K]. Let u and vE [K, K]. Then (u+v)2—u?—v2CZ. Hence, uv-+ou
€Z for all u, v€[K, K]. If u2=0 for all u€ [K, K] then, by Herstein [4],
[K, K]=(0), a contradiction.

So suppose that Z 5 (0) and #2540 for some € [K, K]. At this point it is
necessary to consider the types of involution separately.

If, on the one hand, the involution is of the second kind then, by Theorem
3, [K, K]CZ. Hence [[K, K], [K, K]]=(0). But, by Herstein [4], [[K, K],
[K, K]]=[K, K] and therefore [K, K]=(0), a contradiction.

If, on the other hand, the involution is of the first kind then, by Herstein
[4, proof of Theorem 24], it follows that there exists %, v& [K, K] such that
u, v, and uv—ovu form a basis of [K, K] over Z and such that #250, 2250
and wv+vu=0. As in Herstein’s proof we define N(x) = {x EK|xu=ux} and
similarly define N(v). Clearly, W= N(u)N\N() = {xE€K| [x, [K, K]]=(0)}.
The claim is that WN[K, K] = (0), for suppose that there exists a0 [K, K |
such that [a, [K, K]]=(0). Now, a=au+Bv+08(uv—vu) where o, 8 and &
are in Z and not all zero. Now, au =wua implies that Bvu -+ 6(uv —vu)u =Luv
+6u(uv—ou). Collecting together, we have

Bvu — wv) = 8[u(uv — vu) — (uv — vu)u).
Since uv= —vu and u*EZ, this latter reduces to
Blvu — uv) = 4éu’v.

Since v and uv—ovu are linearly independent over Z and #?#0&Z, this last
equation is possible if, and only if, B=6=0. Thus, e =au. Since a € U, then
av=uyva; that is, a(uv—vu) =0 and thus «=0, which is a contradiction to
a<0. Hence, WN[K, K]=(0). However, by Herstein [4, proof of Theorem
24], it follows that W (0), W is a Lie ideal of K, and WCZ. This is a con-
tradiction since KMZ = (0).

Therefore, in either case, if u?=ovu? for all u, v& [K, K] we have a con-
tradiction. Hence, [K, K|=-=A4.

The Lie ideals of [K, K].

LEMMA 5. Let U (0) be a Lie ideal of [K, K] and W= {xCA|xU=(0)}:
then W= (0).

Proof. Let wEW, k€ [K, K] and uE U; then w(uk—ku) =0. However,
wuk =0 and therefore wku =0; that is, W[K, K]|CW. Hence, W[K, K|-CW
and, by Theorem 4, this means that WA CW. W is also a left ideal of 4 and
so W is a two-sided ideal of A. Since 4 is simple, either W =4 or W= (0).
If W=A, then A U= (0) which in a simple ring forces U= (0), a contradiction.
Hence W=(0).

DEeFINITION. If U is a Lie ideal of [K, K], we define T=T(U) = {tEKI
[t, K]CU}.

In the study of the Lie ideals of 4, [4, A] and K, sets similar to T are
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considered. The properties of T which play an important role in the proof of
the theorems which follow are collected together in the following lemma:

LEMMA 6. For a given Lie ideal U of [K, K], T=T(U) has the following
properties:

@) [T, [K, K]ICT; (i) [U, UICT; (ii) t2s—st?E U for all tET, sES;
and (iv) of 2WET then w&T.

Proof. (i) Let t€T, I€[K, K] and kEK. Then

2, 6l = [, [1, )] + [[1, k), 1]l C U + [U, [K, K]] C U; that is
[T, [K, K]] C T.

(ii) Let %,v€ U and kEK. Then [[«, ], k] =[4, [v, k]]+[[«, k], v]EU.
Hence, (U, U]CT.

(iii) Let t&TCK and s&S. Then ts+st&K and so t2s—st2=¢(¢s+st)
—(ts+st)te U.

(iv) Let 2w&T. Then [2w, K] = [w, 2K ] and since the characteristic 2,
then K=2K. Hence, w&T.

We now have the necessary tools to attack the problem of the simplicity
of [K, K]. We first prove some general theorems about Lie ideals of [K, K].
After this, however, it will be necessary to divide the argument into two cases;
namely, involutions of the first and second kind respectively.

LEMMA 7. If U is a Lie ideal of [K, K] such that u?=0 for all uE U, then
U=(0).

Proof. Since #?=0 for all u& U, then (#+v)2—u2—92=0 for all %, vEU.
That is, uv+vu=0. Since uv —vu & U, we have 2uv & U for all u, vE U. Thus,

(I) 2(uv)w+w(2uv) =0 for all u, v, wE U. Also, vw+wv=0 and therefore
2uvw+2uwv =0. Hence,

(II) 2uvw —2wuv=0.
Adding (I) and (II) we have 4uvw =0, and therefore wvw =0 since the char-
acteristic #2. That is, uvU=(0) and thus, by Lemma 5, uv=0. Therefore,
#U=(0) and hence =0 for all #&€ U. This completes the proof.

LEMMA 8. Let U be a proper Lie ideal of [K, K| such that u*S Z # (0) for all
u& U; then UCZ.

Proof. Let uE U, k& K ; then u(uk — ku) — (uk —ku)u € U and since u2EZ,
then 2u(uk—ku)E U. However, since 2K =K then u(uk’'—k'u)EU for all
u@C U, KEK. Setting k'=wuk—ku it then follows, by the above, that
u?(uk’ —k"’u)E U for all ¥’ EK.

Since u*€Z, then u(u®k) — (u?k)uE U for all u€ U, k& K. Now, if u2=0
then #2K =K and hence uk’ —k'u & U for all ®’ €EK. The claim is that if #2=0
then uk —ku& U for all RS K also. If this is the case, then U is a Lie ideal of
K and therefore, by Theorem 1, either UCZ or [K, K]CU. The latter is
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impossible if U is a proper Lie ideal of [K, K ]. Hence, UCZ. Thus, it remains
to show that #2=0 implies that uk—kuE U for all k& K. There exists v& U
such that 270 otherwise, by Lemma 7, U= (0). Thus, without loss of gener-
ality, we may assume that (#+v)%0 for otherwise if both (#4v)2=0 and
(u—v)?2=0 then

0= (u4 )24 (& —1)? = 20+ 2

and therefore ¥2=0 which is contrary to hypothesis. Since, w?(wk —kw) &S U
for all wE U, kEK, then in particular:

(u+ 0)2[(u + )k — k(u+ 0)] € U.
Hence, (u+v)[(u+v)2%]—[(u+v)2%k](u+v)EU. However, since (u-+v)?
#0EZ then (#+9)2K =K and therefore,
(u+ )k — k(u+v) SUforall ¥ € K.
That is,
uk’ — k'u + (vk' — k'v) SU forall ¥’ € K.

However, since v27#0, by the preceding we have seen that vk’ —k’v& U for all
E'&K. Hence,

uk’ — F'u & U for all ¥ € K.
Thus, we have proven our contention.

LeMMA 9. If U is any subset of an arbitrary ring A such that U=A, then
[U 4]=1[4, 4].

Proof. Let uy, @y, - - -, u.€ U and aEA4; then
Da(tr,  + + ta) = 2 Duy(thiyr + + - tnatty - - - wisy).

Hence, [U*, A]C[U, 4] for any n. Thus, [U, A]C[U, 4]; that is, [U,
Al=1[4,4].
Using this lemma we are able to gain valuable information about [4, 4].

LEMMA 10. If A is a simple ring with Z = (0) or of dimension greater than
16 over Z with an involution defined on it, then [K, K|=[S, S] and [4, 4]
=[S, K]+ (K, K].

Proof. By Herstein [4], K=4 and S=4; therefore, by Lemma 9, [K, 4]
=[4, A] and [S, A]=[4, 4]. These relations yield

M) [K, S+K]=[S+K, S+K] and

(I1) [S, S+K]=[S+K, S+K] respectively.
Due to the fact that SNK =(0), from (I) we sce that [K, K]DI[S, S] and
from (II) that [S, S]D[K, K]. Hence, [K, K]=[S, S], and therefore,
(4, A]=[S, K]+ [K, K].
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We are now in a position to investigate where the Lie ideals of [K, K]
are situated. The key to this problem is:

LEMMA 11. If U is a proper Lic ideal of [K, K], then either U=A or
U, U]lcz.

Proof. Let w& TN U; then by Lemma 6, w?s —sw?€ U for all s&.S, and
w?k — kw? =w(wk — kw) + (wk — kw)wE T for all kEK. Thus, for all w&TNU
and a€A4, wla—aw?€U. If t€T and € U, then tu—ut&TNU,; that is,
[T, UJCTNU, and so, by the above, for all v&€ [T, U], aE€A4, D,*(a)ET.
Substituting au for a, uE U, we have D,*(au) =D,*(a)u+aD*(v) EU. How-
ever, D,2(a)u €T and so for all a€A4, v& [T, U] and u€ U we have

a(v’u — w?) € T.

However, by setting B=[K, K] in Lemma 4, we have either U=4 or
wv—vu=0 for all uC U, vE [T, U].

Hence, it remains to show that D,?(x) =0 implies that [U, U]CZ. Since
v —sv?C U, then D@ (s) =0 for all sE€S, v& [T, U]. Also, since D,(vk—kv)
=0 for all k€K, it follows that D@ (k) =0. Therefore, by Lemma 1, v?€Z
for all v€ [T, UJ.

On the one hand, suppose that 92=0 for all v & [T, U]; then, by Lemma 7,
we have, since [T, U] is a Lie ideal of [K, K], that [T, U]=(0). Thus,
tu—ut=0 for all t&T, u& U. Hence, t(t%s —st?) = (t*s —st?)t and therefore ¢?
commutes with t2s —st2. Also, t(tk —kt) = (tk — kt)t and therefore #2 also com-
mutes with ¢k —kt%. Thus, as before, t?€Z for all t&T. In particular, u2&Z
if u& [U, U]CT. Thus, by Lemma 7 and Lemma 8, [U, UlCcz.

On the other hand, suppose that v2€Z for all v& [T, U] and that w?0
for some w& [T, U]. By Lemma 8, [T, U]CZ. Let tET, uE U; then
t(tu—ut)t&ET. Whence, t(tu—ut)tu—ut(fu—ut)tcZ. Since tu—utEZ, we
have that (tu—ut)(t?u—ut?)&Z. However, since tu—ut&Z then t2u—ut?
=2t(tu —ut) and therefore, 2t(tu —ut)?cZ. Fix t&T, then either tu —ut=0
for all uE U or there exists #o& U such that tuo—u#0&Z. On the one hand,
if tuo—ut#0EZ, then (tuo—uot)? has an inverse and since 2¢(fuo—uot)2EZ,
then t&Z would follow. On the other hand, if tu —ut=0 for all u& U, then
by the argument of the previous paragraph it follows that 2 Z. Thus, in
either case, £2€ Z for all t& T and, as before, [U, U]CZ.

Involution of the secend kind. We are now in a position to prove our
main result in the case where the involution is of the second kind.

LeMMA 12. If A has an involution of the second kind, and U is a Lie ideal
of |[K, K] such that (U, U|CZ then UCZ.

Proof. Let ¢#0&ZNK. Then, by lLemma 7, 4 =K+4q¢K. Therefore,
[4, A]=[K, K]+¢[K, K]. L.et U be a Lie ideal of [K, K]. Then [ZU,
4, 4]1=[zU, [K, K]]+[2U, q|K, K]]. Thus, [ZU, [A4, A]]CzU. How-
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ever, ZUC[A, A] since UC[K, K]. Thus, ZU is a Lie ideal of [4, 4] and,
by Baxter [1], either ZUCZ or ZU=[A, A]. If, on the one hand, ZUCZ
then UCZ.If, on the other hand, ZU = [4, 4 | thensince [ZU, ZU|=Z[U, U]
and [U, U]CZ, we have [ZU, ZU]=[[4, 4], [4, A]]CZ. By Herstein
[3], we have that [[4, 4], [4, 4]]=[4, 4]. Thus, [4, A]CZ and this im-
plies that A is commutative, which is a contradiction. Thus, UCZ.

THEOREM 5. If A is a simple ring of characteristic not 2, with an involution
of the second kind defined on it, and if U is a proper Lie ideal of [K, K], then
UCZ.

Proof. By Lemma 11, either U=4 or [U, U]CZ. By Lemma 12, if
[U, U]CZ then UCZ. Thus, we must dispose of the case where U=4.
Define for all #, =1, U™ = [U*D, U] and UV =[U, U]. If UPCZ
for some # then, by Lemma 12, UV CZ and so, by repeated application of
Lemma 12, UCZ. Thus, we can suppose that [U™]-=A4 for all #. In par-
ticular, [U, U]-=A4 and therefore, by Lemma 9, [[U, U], A]=[4, 4].
Thus, by Lemma 10, [[U, U], K] = [K, K]. But, since [U, U]CT, [[U, U],
K]CU. Hence UD[K, K]. This contradicts U being a proper Lie ideal of
[K, K]. This then completes the proof of the theorem.

Involution of the first kind. In this section we assume the involution is of
the first kind. In this case KNZ =(0) and then Lemma 11 reads:

LeEMMA 11b. If U is a proper Lie ideal of [K, K|, then either U=A or
(U, U]=(0).

The question in this case is answered by showing that [U, U] = (0) implies
U=(0), while T=4 implies that U=[K, K].

LEmMA 13. If [U, U]=(0), then for each u U either u*=0 or u has an
inverse.

Proof. If IE[K, K] and «E€ U, then
(1) D2 (1) =0.
If sES, then [u?, s]E€[K, K] and hence
(I1) D ([w?, s])=0.
However, if k€K, then D,(k)E[K, K] and hence
(I11) DY (k) =0.
Therefore,
(IV) uD@ (k) +DP (k)u=0.
This is equivalent to
(V) DP([u?, k])=0.
Hence, for all a€ A4 we have by combining (II) and (V) that
(VD) D2 ([u?, a])=0.
That is, u'e—aut—2u(u?a—au?)u=0 for all a&A. Therefore, u'4d CAu.
Multiply on the left by 4 and we have Au'4 CA* =Au. Hence, since 4 is
simple, either #*=0 or 4 =Awu. On the one hand, if #*0 then by a similar
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argument 4 =uA. Suppose Au=ud =A; then there exists a unit element
pEA and u has an inverse. On the other hand, #*=0 implies by (VI) that
2u(u?a —au®)u=0 and, multiplying on the left by #? and using the fact that
the characteristic is not 2, we have #®au®=0 for all a&A4; that is, 434 is a
nilpotent right ideal, which is impossible in a simple ring unless #*4 = (0)
and so #?=0.

LeEmMA 14. If [U, U]=(0) and u3=0 for all uES U, then U= (0).

Proof. Since [U, U]=(0) we have wv=vu for all u, vEU. Let uEU,
k€ [K, K]; then u(uk—ku) — (uk—ku)u=0. By multiplying this expression
on the left by «2, we have u%u?=0 for all u€ U, k€ [K, K]. Let v&€ U and
IEK; then vl—lw& [K, K] and hence u*(vl—Iv)u?=0. By multiplying on the
left by 92 and on the right by v, we have

(I) u?%u%?=0 for all IEK.

Also, v%s—sv2€ [K, K] for all v€ U, s€S and hence u*(v%s—sv?)u=0. By
multiplying on the left by 22, we then have

(IT) u%2su%?=0 for all sE€S.

Hence, for all a€ A4, u*%au??=0. That is, #??4 is a nilpotent right ideal and
this is possible only if #%?=0 for all 4, vE U.

Therefore, if %, v, wE U then 0 =u?(v+w)?=u?[v2+ 2vw+w?]| = 2uvw and
since the characteristic is not 2, then u%w=0 for all %, v, w& U, that is,
u?wU=(0). Thus, by Lemma 5, #%=0 and hence »2U=(0). By Lemma 5,
this implies that #2=0 for all uE U. Hence, by Lemma 7, U=(0). This com-
pletes the proof of the lemma.

LemMA 15. If [U, U]=(0) and N 1is the set of all nilpotent elements of U,
then N =(0).

Proof. First consider the case where the characteristic 3. Since [U, U]
= (0) we have, by Lemma 13, either #3=0 or « has an inverse. Let N be the
set of nilpotent elements of U. The claim is that N is closed with respect to
addition. Let #, v&€N and consider z+v. Either (#+2)*=0 or #+9 has an
inverse. Suppose (#+v) has an inverse. Then, (#+4v)3=3uv(u+v) since
uv=vu and «®*=1v°=0. Hence, (#+v)2=23uv and, since (#-+v)? has an inverse,
it follows that # has an inverse, which is a contradiction. Thus, (x+v)3=0.
Let t&N be such that #=0 and ¢20. The claim is that tk—ktEN for all
k€ [K, K]. Since tk—kt commutes with ¢, then #2k—kt?=2¢(tk—kt). Hence
13k — kt? = 34%(tk — kt). Therefore, 0=23t2(tk—kt) since £#=0. If tk—Fkt is not
nilpotent, it has an inverse which would mean #2=0 contrary to hypothesis.
So tk—kt is nilpotent. If t2=0 and {0 then 2k — kt?=2¢(tk —kt). Hence, as
before, tk—kt must be nilpotent or else =0, a contradiction. Thus, N is a
Lie ideal of [K, K] such that every element is nilpotent of index 3. By Lemma
14, we have N =(0).

If the characteristic is 3, we know that u3%% —3u(u?k —ku?)u—ku?=0 for
allu€ U, kEK. Thus, 4’k =ku? and therefore, »*k’ = k'3 for all #’ €K which
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implies that x3€ Z. Since #*&K and ZNK = (0), we have that #*=0 for all
u& U. Thus, by Lemma 14, U=(0).

NortkE. If the involution is of the first kind, then every nonzero element
of a Lie ideal U of [K, K] where [U, U]=(0) has an inverse.

LEmMA 16. If [U, U]=(0) then u® commutes with
u(ule — au®) — (ua — au®)u? for all a € A.

Proof. In Lemma 13 we saw that D,(u*) =2uD,(u*)u. However, D,(u*)
=D,(u*u?) = Do(u?)u?+u?D,(u?). Setting D,(u?) =x, we then have that

xu? + wlx = 2uxu.

That is, D@ (x) =0. Hence, D& (x) =0. However, since x =D,:(a) then DP (a)
=0. That is, #? commutes with D (a) = u%(u%a —au?) — (u2a —au?)u?.

LEMMA 17. Let U be a Lie ideal of |K, K] such that [U, U]=(0); then
U=(0).

Proof. In the proof of Lemma 15, we have shown that if the characteristic
is 3 then [U, U]=(0) implies U= (0). Therefore, assume the characteristic is
not 3. Letting w=u? we see, by Lemma 16, that D (a) =0 for all ¢ EA. Re-
placing a by ab, we have 0=D (ab) = DP(a)b+3DP (a)D(b) +3D,(a) DY (b)-
+aD@ (b) =3[D? (a)Dw(b) +D.(a)DP (b)]. Since the characteristic is not 3,
0=D?(a)D,(b)+D,(a)D2(b). Let b=D,(a); then DP(b) =0 and we have

() 0=[DP(a)]2
Now,

(I1) u*k’ —2uk'u+ku*c U for all ' EK.

Let B’ =ukwu in (II) and, since [U, U]=(0), we have

(I11) w*D@(k)E U for all kEK.

Thus, since [U, U]=(0), it follows that

(IV) D2 (k) =4u2DP (k) for all kFCK.
On the one hand by (I1I), D@ (k) € U and on the other hand by (I), D (k)
is nilpotent. Thus, by Lemma 15,

(V) D@(k)=0 for all kEK.
Also, setting a =s in (I) we have, since [U, U]=(0), that

0 = 4u2[u(us — su?) — (u’s — su?)u)?

for all s&€S. However, we have seen that every nonzero element of U has an
inverse; thus %2 has an inverse and hence,

(VI) 0= [u(us—su?) — (u2s—su?)ul2
Since the quantity within the bracket in (VI) is in U and is nilpotent, then
by Theorem 15, u(u?s —su?) = (u2s—su?)u for all s&S. Thus,

(VII) D& (s)=0
and therefore, by combining (V) and (VII), we have for all u &4

(VIII) D3 (a)=0.
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Hence, by Lemma 1, u*&Z for all u€ U. But, u* —2uku-+ku?=0 for all
k€ [K, K]; that is, since u?€Z, 2u(uk —ku) =0 and, since % has an inverse,
uk="ku for all k€ [K, K ]. Therefore, uk’' =k'u for all B’ € [K, K|~ and, since
[K, K]-=A4, we obtain that UCZ. Since ZNK =(0), then U=(0). This
completes the proof of our lemma.

We now state the main theorem concerning simple rings with involution

of the first kind.

THEOREM 6. If A is a simple ring of characteristic 2, with either its center
Z = (0) or of dimension greater than 16 over its center, and with an involution of
the first kind defined on it, then [K, K| is a simple Lie ring.

Proof. By Lemma 11b, if U is a Lie ideal of [K, K] then either [U, U]
=(0) or U=A. If, on the one hand, [U, U]=(0) then, by Lemma 17,
U=(0). If, on the other hand, U =4 then, as in the proof of Theorem 5,
U=[K, K]. Hence, [K, K] is a simple Lie ring.

Thus, by combining Theorems 5 and 6, we are in a position to state the
main result of this paper as follows:

THEOREM 7. If A is a simple ring of characteristic #2, with either its center
Z=(0) or of dimension greater than 16 over its center, and with an involution
defined on it, then (i) [K, K| is a simple Lie ring if the involution is of the first
kind, and (i) [K, K| modulo its intersection with the center of A is a simple Lie
ring if the involution is of the second kind.

Some relationships between .S and K. Now, by using the facts that K= 4
and S= 4, we are in a position to show some interesting relations between the
sets S and K.

NotaTioN. If U and V are additive subgroups of 4, by U o V we mean
the additive subgroup of 4 generated by all elements of form uv+vu where
ucU,veV.

THEOREM 8. Let A be a simple ring, of characteristic not 2, with Z = (0) or

of dimension greater than 16 over Z, and with an involution defined on it; then
S=KoK.

Proof. Let kl, szK; then klkz—kgkleK and k1k2+kzk1es. Since Zklkz
= (kyky— kok1) + (R1ka+Eok;) for all &y, k,EK, then K2CK+K o K. Denote
by L, the set K + K o K. Assume that for all ¢ £ n, K¢ C L. Then,
(klkz*kzkl)k3k4k5 LR kn+1€L, and kg(klka—k3k1)k4k5 LR kn+1€L. ThllS, by
adding, we have that (kikoks — kokski)baks - - - B, EL. Also, by the induction
hypothesis, (k2k3k1+k1k3k2)k4k5 s kn+1€L since k2k3k1+k1k3k2€K and, by
adding the last two expressions, we have that ki(koks+kske)keks - - - knp1 EL.
HOWCVCI‘, kl(kgks—kskz)kJes AR k,.+1€L, and thl.lS 2k1kzk3k4 A kn+1€L;
that is, K*+'CL. Thus, given ¥’ €K, we have that ¥’ CK+K o K; that is,
KCK+K o K. Hence, since A=K, we have that 4 =K+4K o K. Trivially
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K o KCS;however, since A =S+K and SNK =(0), we have that SCK o K,
that is, S=K o K.

This result leads to the following interesting theorem regarding the rela-
tionship between the individual elements of S and those of K.

THEOREM 9. Let A be a simple ring, of characteristic not 2, with Z =(0) or
of dimension greater than 16 over Z, and with an tnvolution defined on it; then
every symmelric element can be written as a finite sum of squares of skew ele-
ments with coefficients +1.

Proof. Since S=K o K, then every element of S can be written as a finite
sum of elements of the form {kl+kl} where k and [EK. But kl+1k=(k+1)?
—k2—[2 Since k and /EK and since K is an additive subgroup, then
E+IE K. Hence, our contention is verified.

CoROLLARY. If K 1s finite dimensional, then so is A.

Proof. If K is of dimension n, then if ky, ks, - - -, k. is a basis of K,
{kikj‘l‘kjki} spans S, so ky - - -, ka, kikj+kikispan A. Hence, 4 is at most of
dimension n-+n2

THEOREM 10. Let A be a simple ring, of characteristic not 2, with Z = (0) or
of dimension greater than 16 over Z, and with an involution defined on it; then
So K=K; that s, the additive subgroup gemerated by all elements of form
sk+ks, s€S, kEK is K.

Proof. We first claim that So KD[K, K]. Let s€S, ki, kEK; then
(sk1+ kis) by — by (sky+ Fus) = {5 (kiks—koky) + (kiky — koky) s} + { By (sky — kas)
+ (sky—kas)k1}. The first { } isin So K since kik;—k:ki €K, and the second

} isin So K since sk;—k:sES. Therefore, [So K, K]CS o K. Hence, by
Theorem 1, So KD[K, K] or SoKCZ. If SoKCZ, then s(sk+ks)
= (sk+ks)s. Therefore, sk =ks? and so s2€ Z since K = A. Likewise, k(sk+ks)
= (sk+ks)k. Therefore, k%s=sk? and so k?EZ since S=4. lf a€4,a=s+k,
then a?=s2+sk+ks+kE2&Z. This forces 4 to be commutative; thus So K
DIK, K].

Using this fact, we shall now show that So K=K. Let s, 52:&.S; then
251$2=(5152+5251)+(5152—5251). Since 8152+5251€S and 5152—'52516[5, S], we
have S?CS+[S, S]. However, by Lemma 10, [S, S]=[K, K]. Therefore,
since [K, K]CSoK, then S2CS+SoK. Also, if s€S and k€K, then
2sk = (sk+ks)+ (sk—ks) and, since sk+ks&So K and sk—ks&S, then
SKCS+So K. Thus,

(I) SACS+SoK.

Multiplying (I) on the left by S, we have S?24 CS?*4+SKCS+S o K. Continu-
ing in this manner, S*4 CS+S o K. Thus, S4CS+So K and, since S=4,
A?CS+.So K. Since 4 is simple, 42=A4 and thus 4 CS+S o K. However,
since SNK =(0), then So K =K.
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